
Proving the chain rule 

Given 𝑓′ 𝑔 𝑥  and 𝑔′(𝑥) exist, we want to find 
𝑑

𝑑𝑥
𝑓 𝑔 𝑥 . 

Let 𝑚 𝑘 =
𝑓 𝑔 𝑥 +𝑘 −𝑓 𝑔 𝑥

𝑘
 for 𝑘 ≠ 0 and 𝑚 0 = 𝑓′ 𝑔 𝑥 . 

Then lim
𝑘→0

𝑚 𝑘 = 𝑓′ 𝑔 𝑥 , so 𝑚 is continuous at 0.  

Note that 𝑓 𝑔 𝑥 + 𝑘 − 𝑓 𝑔 𝑥 = 𝑚 𝑘 𝑘 holds for all 𝑘. 

Now let 𝑘 = 𝑔 𝑥 + 𝑕 − 𝑔 𝑥 , then 𝑔 𝑥 + 𝑘 = 𝑔(𝑥 + 𝑕). 

Hence 
𝑓 𝑔 𝑥+𝑕 −𝑓 𝑔 𝑥

𝑕
= 𝑚 𝑔 𝑥 + 𝑕 − 𝑔 𝑥

𝑔 𝑥+𝑕 −𝑔 𝑥

𝑕
. 

Taking limits as 𝑕 → 0 we get 
𝑑

𝑑𝑥
𝑓 𝑔 𝑥 = 𝑓′ 𝑔 𝑥 𝑔′ 𝑥 . 
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